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Abstract : The effect of impurity on a quantum system is studied using a solvable model. Expressions have been derived for the 
probability density function of the ground state energy and the spacing. The spacing distribution shows a very interesting behaviour which 
could be compared with experiments.
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An interesting problem in theoretical physics is to study the 
effect of impurity on the ground state of a quantum system. 
Let us consider a system having energy levels E»,n=  1,2, 
.... m. We would like to study how these levels change if 
there are k  impurities which interact with each other and 
with m states of the system. This can be represented as a 
following matrix
m
m k
^£iO...O \
OE2 ...O (m ^k )
00... E„
h\\h\2...h\k
(k x/w) ^12^22 • • ^ 2 it
V
The matrix (m x k) represents the interaction between the 
well defined states and the impurities.
One would like to see how the ground state £'i changes 
due to the presence of impurities. Had the matrices (k x k) 
and (m x k) been known precisely, one could diagonalize 
the (m + Jt) X (ot + fc) matrix to see how the new energy 
levels of the system change. Due to the fluctuations of the 
interaction of impurities among themselves and with the 
system, one assumes that the matrix elements of the matrices
(k X k) and (m x k) have some given distribution [1 j. Because 
of this, one can use the ideas of random matrix theory, 
originally given by Wigner [2], to study the probability 
distribution P(Eo) of the ground state energy Eo- In general 
it is difficult to derive an expression for P{Eu). Wc describe 
a solvable model to find an analytic expression for die 
probability distribution of the ground slate.
Let us consider a three dimensional model in which 
(m + k) X (m + k)\ m = 2, k -  1, matrix is given by
fo 0 V
0 s V 0 )
V V 26'
In the'above, we have taken the zero of the energy, such 
that = 0, £2 = sand  to keep the problem simple, we have 
taken An = 2 f and the two interactions are taken as v. where 
V has some given distribution. The lowest eigenvalue Eo of 
the matrix given by (1) is given by
E o = e + ^ i{ e ^ + 2v2)2| ( V r ^ 4 ;v j '=  exp IE3
-  - i t ^ IE
3 (2)
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where / is given by 
3^3t =
-f 2v2) 3/2
(3)
Since the parameter |/ | ^ 1 for all values of the interaction 
V, we expand quantities in square brackets in expression (2) 
in powers of /. In the lowest approximation, this gives
J 2v2 1 (4)
Writing and X =• and approximating
expression (4) further, we can write
1
2
(5)
I -ct P(q) be the probability density function of the ground 
slate energy measured in terms of c with its sign reversed, 
then according to the theory of probability [2] it is given by
P(q)==f<
' f !
(6)
where we have taken the distribution of the interaction v to
be Gaussian given by exp(-v^).
Integrating over x using the ^-function, we get
P(^) =
64
V 64
exp
2 n
- s i - 48 V 64 1
1L J
I- f
\2
(7)
64
- I
where the range of <7 is O ^g <oo ,
l::xprcssion (7) shows that the probability is large when 
{he energy g is small and goes to zero as q ^  . The 
probability density P{q) given by expression (7) is not 
normalized to unity. This can easily be done by dividing it 
by the integral lo P{q)dq .
Another important piece of information is to see how 
the spacing distribution looks like because of the impurity.
The spacing S for the matrix give by expression (1) is 
given by
3 X. 9 - Vl + 2x (8)2 ( U 2 jc)
where the spacing S is measured in terms of e and we have 
again kept the lowest terms in terms of the expansion in 
parameter /.
As earlier we further approximate S by the expression 
1 f/ivH (9)
w h e r e  ^  - 2 - r V 6 .  E x p r e s s io n  ( 9 )  g iv e s  th e  c o r r e c t  
behaviour of S for small and large values of x. The 
unnormalized probability density function P{S) of the spacing 
is given by
Expression (10) on integration gives
5 - I -f { k e x p (-  jc) dx (H))
e x p (-^ %  (/S’)) ( ‘S’))
where g±(S) \
2p
-  2  j ±  .V** +  (4  -  2 /7 )
and JA^S)=:iS) /i .-t /r -S ^  -f ( 8 - 4 / 7 )
(4  - 2 ^ )
(1 2 a )
(12b)
and the range of S  is 
5„„„ < .9 < CO,
where Smm is the minimum value of 5 given by 
l + fix5 = for 0 < jc < 00 .
In expression (II), both g, will contribute so long as 
the expression under the square root sign is positive, 
otherwise only the one which remains positive will 
contribute.
The value of turns out to  b e  0 .9 9 ,  The m o s t 
interesting result which follows from expression (11) is that 
the probability P(S) is very large when S -  and S -  1 
and goes to zero as 5 oo. Thus, the measurement of the
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spacing will provide information about the interaction of 
the impurity with the system. Had there been no interaction, 
then the spacing S  will remain unity.
TTie first remark which we would like to make is that 
one could find exact values of P { q )  and P ( S )  without 
expanding in terms of the parameter /. This can be done by 
noting that if the probability p { x )  is given by
dx
then the probability density function of a quantity Q  which 
is a function of x ,  is given by [3]
dx
d Q _
However, this exact expression is extremely difficult to 
derive analytic expression for P { Q ) . The approximations 
which we have made, enable us to derive analytic expressions 
for P ( q )  and P { S ) . Choosing specific values of x ,  e . g . ,  
X - 0 or X small, one sees that the main features of P ( q )  and 
P ( S )  are the same as the ones given by using the 
approximations mentioned above.
One could use a more general 3x3 matrix instead of 
the one given by expression (1) where the energy of the 
im|)urity is taken as d e ,  d  being a constant and write 
interactions V|, V2 in place of v. This generalization makes 
the parameter t more complicated, but again the main results 
ab0ut the distribution of P { q )  and P ( S )  are not changed.
fit will be interesting to see how actual experiments can 
beicarried out to study the behaviour, e . g . , of P { E )  and see 
ho|v this behaviour compares with the theoretical results.
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